21. Some Special Series

Exercise 21.1

1. Question

Find the sum of the following series to n terms:

13+33+53+73+........
Answer

nth term would be = 2n -1
2
We know, 12 + 2% + 3% + 43 + 5% ........on® = [(22Y)]
2
Therefore,
3 3 3 3 3 3 211':211+ 1] 2 t 1
1P+ 2% + 3% + 4% + 5% (2n) = [ equation

(P +33+5% . ....(2n—-13+ (2°+ 4 +6%.........(2n)%)
[211(211 + D
==

2 .
(13 + 3% + 53 ... (2n—1)3) + 23(13 + 2° + 3. (20)?) = [ equation 2

From equation 1

2
23(13 + 2% + 3% ......n%)=92 [M]
2

[replace 2n by n]

23(1272° + 3% ) =p3 2]’
2

Substituting in equation 2

2

2
nn+ 1 2n(zn+ 1
(1° + 32 + 5% . .......2n—1)%) + 2° ( 5 ) =[ ( 5 )
2 2
n2n + 1 nin+ 1
(*+ 3 +5% . .....(2n—1)%)= n(2n + 1) —23 nn + 1)
1 2
n)2(2n + 1)? n(n + 1]
(1*+ 3 +5% . ......2n—-1)¥= (m*( ) - 283 ( )
1 2
n)? 2(n + 1)2
(1*+ 3 +5% . ......2n—-1)¥= %[(Zn + 1)2—¥l
a2 3 a2 a2 [:11)2 2 2
(1* +3° +5°.......(2n—1) )=T[4n + 1+ 4n—2n° — 2 —4n]
(1* + 32 + 5% . ......(2n—1)*)=n?[2n® — 1]

2. Question

Find the sum of the following series to n terms:

23+43+63+83+.........

Answer
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nth term would be 2n

2
Weknow 13 ¢+ 23 4+ 33 4 43 £ 53 . . pd— [M] ...... (1)
2
Therefore,
(22 + 43+ 6% ......2n)3 =231+ 23 + 33 ... ...n%)

Substituting the value from 1

(2 + 4 +6%........(20)?) = 23 [@l

3. Question

Find the sum of the following series to n terms:
1.25+4+23.6+34.7+ ........

Answer

The nth term be n(n + 1)(n + 4)

Thus we can write 1.2.5 + 2.3.6 + 3.4.7 + ........

The general term would be r(r + 1)(r + 4)

n

Z r(r + 1)(r + 4)

r=1

n

Zra + 517 + 4r

r=1

We know by property that:

Sax" + bx" 1l 4+ exn-2.. do=ayx" + byx" "1 + cyx"-2........ + dp¥1
Thus,

n_ord 4+ Br? 4+ 4r=y"_r® + 5¥0_r? + 4¥"_r....(1)

I I

We know
n
nn +1
Zra=13+23+33 ......... +113=[¥]2
r=1
n
nn+ 1)(2n+ 1
Zrz=12+22+32 ......... +112=[( )6[: )]
r=1
= n(n + 1)
Zr=l+2+3 ......... +n=[2—]
r=1
Substituting in (1)
n n n
Zna + SZH2 + 4211
r=1 r=1 r=1
nn+ 1 nin+ 1)(2n + 1 nn+1
z[(z P )6( )+4[(2 )
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n’(n + 1)? n(n+ 1)(2n + 1) n(n + 1)

=[—5—1 +5I - |+ 4——5—]

3n%(n + 1)? + 10n(n + 1)(2n + 1) + 24n(n + 1)
- 12

3n* + 26n° + 57n? + 34n
12

4. Question

Find the sum of the following series to n terms:
1.24+237+3410+ ............

Answer

The nth term be n(n + 1)(3n + 1)

1.24+ 237+ 3410+ ............ =, r(r+ 1)(3r+ 1)
We know by property that:

Sax" + bx" 1 4+ cx-2.. do=a>x" + byx" -1 + cyxN-2........ + dp¥1

n

n
Zr(r + 1(3r + 1) =Z:3r3 + 4r? + 1
r=1

r=1

n3rd + 4 +r=3YL r + 40 r2 + 3% r.....(1)

We know
n

nn +1
Zra=13+23+33 ......... +113=[¥]2
r=1
n

nn+ 1)(2n+ 1
Zrz=12+22+32 ......... +112=[( )6[: )]
r=1
= n(n + 1)
Zr=l+2+3 ......... +n=[2—]
r=1
Thus from (1)

nn+ 1 nn+ 1)(2n + 1 nin+ 1

23[(2)]2+4( )6( )+[(2)]

9n’(n+ 1)2 +8n(n + 1)(2n+ 1) + 6n(n + 1)
B 12

9n* + 34n® + 39n? + 14
12

5. Question

Find the sum of the following series to n terms:
1+1+2)+(1+2+3)+(1+2+3+4)+.........
Answer

The nth term be ¥2_ n—k

Where3?_ n—-k=(MN-0)+(n-1)+(n-2)+ ... +(n-n)

@ﬁ, www.studentbro.in



k=0 k=0 k=0
n
ny) 1=1k=0th) + 1(k=1th) + ..........1(k=nth)=n(n + 1)
k=0
Since,
n(n + 1)
Zk— 1+2+3+4.n=—"—
k=0
n 1 . n{n+1)
Yi—on—k=nn+ 1) ——— oo (1)
1+(1+2)+(1+2+3)+ (1 +2+3+4) + oo, n_ ¥R n—
From (1)
T+ (1+2)+(1+243)+(14+2+3+4)+ ... nor(r+ 1) — M
1(1+1]

Thus, solving ¥™_ r(r + 1) —

n

r=1 n=1

i o+ 1 r(r + 1) i (r* +r)
r(r ) 2 = 2

r=1 r=1

(r* +r)

Solving yo_, .

We know by property that:

Sax" 4+ bx" 1 4+ cex"2. . do=a>x" + byx" -1 + cyxN-2........ + dp¥1
Thus,

(r* + 1)
Z tZ Z 2
We know,
n

nn+ 1j(z2zn+ 1

Zrz=12+22+32 ......... +112=[[: )6( )]
r=1
= n(n + 1)
Zr=1+2+3 ......... +11=[27]
r=1

Substituting

i (r2 + 1) 1 n(n + 1)(2n + 1) n(n + 1)

=30 - ]+ 5D

1 n{n+ 1)(2n + 1) . n(n + 1)
2 6 2
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_In(n + 1) (2n + 1)
o 2(2) 3

_In(n + 1) (2n + 4)
o 2(2) 3

B n(n + 1)(n + 2)
B 6

Thus the answer is 22+ D +2)

6. Question
Find the sum of the following series to n terms:
1X2+2X3+3X44+4X5+.............
Answer
The last term be n(n + 1)
The generalized equation be

nr(r+ =Y r* + ¥ re (1)

Since We know by property that:

Sax" + bx" 1l 4 exn-2... do=a>x" + byx" 1 + cyx"-2........ + do>1
We know
m
nn+ 1)(2n + 1
Zrz=12+22+32 ......... +112=[[: )6( )
r=1
= n(n + 1)
Zl =1+2+ 3. ... + n= 2
r=1

Thus substituting in (1)

_ [11(11 + 1)6(211 + 1) . [11(112+ 1)]

n(n+ 1) (2n + 1) .
2 3

n(n + 1) (2n + 4)
2 3

nn+1) (n+ 2
1 3

7. Question

Find the sum of the following series to n terms:
3X12+5x22+7 X3P+ i,

Answer

The nth term will be n2x(2n + 1)

The generalized equation be
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n

n
Z r’x(2r + 1) = Z 2r® + r?
n=1

r=1

We know by property that:

Sax"+ bx" 1 4+ cex2. . do=a>x" + byx" -1 + cyxN-2........ + dp¥1
Thus

n2rd +rf=230 P + ¥ ri (1)
We know

m

nn + 1

Zra=13+23+3a ......... +113=[¥]2
r=1

. (n+ 1(2n+ 1)

n(n n

Zrz=12+22+32 ......... + n® = c ]
r=1

= n(n + 1)
Zr=l+2+3 ......... +n=[2—]
r=1
Substituting the values in (1)

?:121'3 + r2=9 [ nin+1) ]2 + [n(n+ 1;(211+ 1]]

. 2_nn+1) n{n+1) [2n + 1]
=120 + =2 [ + ]
. _nn+1) 3nn+1)+2n+1

rai2r® + === - ]

i}zlzrz + rz=n(n+ 1) [ 3n® +3511+ 1 ]
8 A. Question
Find the sum of the series whose nth term is :
2n3 4+ 3n2-1
Answer
1t term = 2(1)3 + 3(1)2-1
2" term = 2(2)3 + 3(2)2-1
And so on
Nth term = 2n3 4+ 3n2 -1
General term be = 2r3 + 3r2 -1
Summation = 15t term + 2" term + ........ + nth term

=2(1)3+3(1)2-1+223+3(2)2-1+....... 2n3 + 3n2-1...(1)

We know,

D) = (1) + (2) + e )

Thus
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From (1) we have

Summation = ¥ 2r® + 3r2 -1

We know by property that:

Sax" + bx" 1l 4+ exn-2. . do=ayx" + byx" "1 + cyx"-2........ + dp¥1
Thus

yoo2rf +3r7-1=2¥0r® + 330 rr-yn, 1. (2)

We know
n
nn +1
Zra=13+23+33 ......... +113=[¥]2
r=1
N (n + 1)(2n + 1)
nin n
Zrz=12+22+32 ......... +1n? = c ]
r=1
m
Z 1=1+1+ .......ntimes =n
r=1

Thus substituting the above values in (2)

Summation = ¥ 2n3 + 3n%-1=2 [@ )? —n

13 [11(n+ 1)(2n + 1]]

)
6

nn+ 1 nn+ 1)(2n + 1
(m+ 1), [o0+ 1) )]_n

“2l—5 T 6

_ n(n + 1) o n(n + 1)] . 3[2n + l]] B

2 2 3 n

n(n + 1)[ nfn+ 1)+ 2n + 1

2 1 ]—n

nn+1) n?+3n+1

2 1 ]—n

8 B. Question

Find the sum of the series whose nth term is :
n3-3n

Answer

Generalized term be n3 - 3"

15t term = (1)3 - 3(1)

2Md term = (2)3 - 3(2)

And so on

nth term= n3 - 3"

general term=r3 - 3"

Summation=15t term + 29 term + ...... + nth term
=(1)3-30 4 (2)3-3@ 4 ... +n3-3"....... (1)
We know
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D) = (1) + (2) + e )

Thus
From (1) we have
Summation = Y& r3 - 37

We know by property that:

Sax" 4+ bx" 1 4+ ex"2. . do=a>x" + byx" -1 + cyx"-2........ + dp¥1
Thus
nor*-3t=yL r® —¥yr 3".... (2)
We know,
n
nin + 1
Zra=13+23+33 ......... +nd= (2 )]2
r=1
n
3(30 -1
ZB” =3'+32+3% .+ 3“=¥
4 3—1
r=
; a, (r"-1) ._ 8.3 3 _ _ &
Since, = ——=a, + a; + a3 ... @y Where I ="if 2= 2= = 270

Thus substituting the above values in (2)

n

Z B oaro | 11(112+ 1) P 3(:1‘_—11)

r=1

nn+1) .5 3(3t-1)
2 ] a-1

Summation= [

n(n+ 1) , 3(3"-1)
2 2

8 C. Question

Find the sum of the series whose nth term is :

nin+ 1) (n + 4)

Answer

Generalized term be r(r + 1) (r + 4)

15t term = (1)((1) + 1) ((1) + 4)

2nd term =(2)((2) + 1) ((2) + 4)

And so on

nthterm = n(n + 1) (n + 4) = P + 5n2 + 4n
Summation = 15t term + 29 term + ...... + nth term

=)L)+ 1)) +4)+ )2+ 1) ((2) + 4)......... + P +5n+4n...... (1)

We know,

Zf(x) Z (1) + F(2) 4 o (1)
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Thus
From (1) we have
Summation = ¥ r? + 5r% + 4r
We know by property that:
Sax" 4+ bx" 1 4+ ex2. . do=a>x" + byx" -1 + cyxN-2........ + dp¥1
Thus
nord 4517 +4r =YL r® + 5017 +4%% r(2)
We know,

[ 11(112+ 1) P

[11(11 + 1)(2n + 1)]

Thus substituting the above values in (2)

n

nn+1 n(n+ 1)Zn + 1 nin+ 1
:E:ra + 51 + 4r = [——[——————2]2 + 5 ( it ) + 4] ( )]
4 2 6 2
r=
Summation — [ 11(112+ 1} ]2 + 5 [n(n+ 1]6(2n+ 1]] + 4[11(112+ 1]]

4[n(n + 1)

2

n(n + 1) nn + 1)(2n + 1)
sl 5[ 6

_ nin +1) n(n+ 1)] N 5[(211; 1) + 4]y

L

n(n+ 1) 3n(n+ 1) + 10(2n + 1) + 24
== 6 J

n(n + 1) 3n®* + 23n + 34
T2 6

8 D. Question

Find the sum of the series whose nth term is :
(2n-1)?

Answer

Generalized term be (2r - 1)2=4r2 + 1 - 4r

15t term = 4(1)2 + 1 - 4(1)

2"d term =4(2)% + 1 - 4(2)

And so on

nth term= 4n2 + 1 - 4n

Summation=15t term + 29 term + ........ + nth term
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=4(1)2+1-4(1)+4(2)2+1-42).........

We know ,

Zf(x) Z (1) + F(2) 4 o (1)

Thus
From (1) we have

Summation =

4+ 1—4r

We know by property that:

Sax" + bx" 1 4+ cx-2.. do=ayx" + byx" "1 + cyx"-2........ + dp>1

Thus

Yrogl +4rf—4r =301 + 4XL 07 —4¥0,1(2)

We know

n

Zra=13+23+3a ......... +n® =]

r=1

2

n(n + 1) P

Thus substituting above values in (2)

4r’—4r=n + 4

6

n(n + 1)(2n + 1)]

n(n + 1)

6

2

n
PR
r=1

n(n + 1)(2n + l)l .

n+ 4 n(n + 1)6(211 + 1] 4[11(112_,_ l)l
. 411(112+ 1) ¢ [(211; 1)] _

in(n + 1
. ( )
2

=]

2n(n + 1
=n + (1 )

9. Question

[11—1
3

Find the 20" term and the sum of 20 terms of the series :

2X44+4X6+6X8+ iiiiiiininnnn.

Answer

Given: 2 X4 +4xXx6+6X8+ ..ccinnnnnee.
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The nth term would be from given series 2n X (2n + 2)

The general term would be from given series 2r x (2r + 2)
Thus 20" term be 2(20) {2(20) + 2} = 40 x 42 = 1680

Summation=15t term + 29 term + ...... + 20th term
=2X4+4xX6+6X%Xx8+...... 40 x 42 (1)

We know

D) = (1) + (2) + e )

Thus
From (1) we have
Summation = 29 2r x (2r + 2)

We know by property that:

Sax" + bx" 1 4+ cx-2.. do=a>x" + byx" -1 + cyxN-2........ + dp¥1
20 20

Zer (2r + 2) =Z(4r2 + 41)

r=1 r=1

Thus,

20.(4r® + 4r) =4Y20,r? + 43221 (2)

We know

n

Zrz=12+22+32 ......... + n® =

r=1

n(n + 1)(2n + 1)
c ]

n

n(n + 1)
Zr=1+2+3 ......... tn=[——5—]

r=1

20

Zrz _ [20(20 + 1)(2(20) + 1)] _ [20(21)(41)]
6 6

r=1

< [20020 + D] [20(21)
21

Thus substituting in above equation in (2)
= 20(21)(41) 20(21)
Z(-ﬂfr2 + 41) = 4 + 4

4 6 2
r=

=4(10)(7)(41) + 4(10)(21)

=12320
1. Question

If the line segment joining the points P(x;, y1) and Q(xy, y,) subtends an angle a at the origin O, prove that :
OP. OQ cos a = X1 X3 + Y1 Y2.
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Answer

Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y1) and Q(x5,y>) is given by- PQ =

\fx(xz —x1)%2+ (y2—¥1)?
Given,

Two points P and Q subtends an angle a at the origin as shown in figure:

0.0}

From the figure we can see that points O,P and Q forms a triangle.
Clearly in AOPQ we have:

0P%+0Q* -PQ* . : :
cosa = %{JQQ {from cosine formula in a triangle}

= 20P.0Q cosa = OP? + 0Q*— PQ? .....equation 1

From distance formula we have-

OP = \rf(xz —x1)2+ (v, — )7
As, coordinates of O are (0, 0)=x, =0andy, =0

Coordinates of P are (x1, y;) = x; = x; and y; = y;

= V0 -0+ (: - 0

R 2
= |Xx1+t¥

:

Similarly, 0Q = | /(x, — 0)2 + (y, — 0)2

R 2
= |x+y

:

And, pQ = UI(IQ —x1)2+ (2 — )2

0P + 007 - PQ? = (Vm)z + (Vm)z - [\f'f(l'z —x1)2+(y2 - 3’1)2)2
= O0P2 +0Q?-PQ? = x? +y2 + x2+ y3 — {(x;— x, )%+ (v, — )%

Using (a-b)? = a2 + b2 - 2ab

5 OP2 + 0Q2 - PQ? = 2x7 X3 + 2Y1 Y5 ....equation 2

From equation 1 and 2 we have:
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20P.0Qcosa = 2x4x5 + 2V V5

= OP.0Q cos a = X3 X + Y3 Y2 ...Proved.

2. Question

The vertices of a triangle ABC are A(O, 0), B (2, -1) and C (9, 0). Find cos B.
Answer

Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y1) and Q(xy,y>) is given by- PQ =
Vxz —x1)2+ (y2— y1)?

Given,
Coordinates of the triangle and we need to find cos B which can be easily found using cosine formula.

See the figure:

From cosine formula in AABC , We have:

AB*+BCE-AC*
2AB.BC

cos B =

using distance formula we have:

AB=[(2—0)2+(-1-0)2=15

BC=/(9-2)2+(0—(-1))2 =v72+ 12 =50

And, AC=_[(9-0)Z+(0-0)2=9

= 2 = 2 -3 =
cosB =5 #(50) 9%  ss-81 _ -26 _ -13 gpg
245450 24/54/2x25 10410 5410

3. Question

ADBC

Four points A (6, 3), B(-3, 5), C(4, -2) and D(x, 3x) are given in such a way that l
AABC 2

Answer
Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y;) and Q(xy,y>) is given by- PQ =
V2 —x1)2+ (y2— y4)?
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P (xy,y1)

Rixs,ys)

Qixz,y:z

W

*Area of a APQR - Let P(x3 y;1) , Q(xp,y2) and R(x3,y3) be the 3 vertices of APQR.

Ar(APQR) =~ [x1(y2 — y3) + x2(y3 — y1) + x3(y1 — y2)]

Given, coordinates of the triangle as shown in the figure.

ADBC 1

Also, =
AABC 2

ar(ADBC) =~ [x(5 — (~2)) + (—3)(—2— 3x) + 4(3x —5)]

=§[7x+6+9x+12x—20]=14x—7

Similarly, ar(AABC) = 2 [6(5 — (=2)) + (=3)(—2— 3) + 4(3—5)]

1[4:2+:L5 8] i 24.5
2 T2 T

. ADEBC 1 14x-7

"laABCc 2 245

=245 =28x-14
= 28x = 38.5
= x = 38.5/28 = 1.375 ...ans

4. Question

The points A (2, 0), B(9, 1), C (11, 6) and D (4, 4) are the vertices of a quadrilateral ABCD. Determine

whether ABCD is a rhombus or not.
Answer

Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y1) and Q(x3,y>) is given by- PQ =

Get More Learning Materials Here : &

@ www.studentbro.in



V2 —x)2+ (y2— y1)?
* The idea of Rhombus - It is a quadrilateral with all four sides equal.

Given, coordinates of 4 points that form a quadrilateral as shown in fig:

Using distance formula, we have:

AB=[(9-2)2+(1—-0)2=+v72+1=150

BC=/(11-9)2+ (6 1)2=v22+ 52 =29

Clearly, AB # BC = quad ABCD does not have all 4 sides equal.
. ABCD is not a Rhombus ...ans

5. Question

Find the coordinates of the centre of the circle inscribed in a triangle whose vertices are (-36, 7), (20, 7) and
(0, -8).

Answer
Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y1) and Q(x5,y>) is given by- PQ =
V2 —x)2+ (y2— y1)?

Incentre of a triangle - Let A(x; y;), B(x2,y2) and C(x3,y3) be the 3 vertices of AABC and O be the centre of
the circle inscribed in AABC

o= (!I:I:1+b:l:z+[':l:3 ayy+bys+cys
atb+c ’ atb+c

) where a, b and c are length of sides opposite to L A, £ B and £ C respectively.

Given, coordinates of vertices of the triangle as shown in figure:
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30 40

We need to find the coordinates of O:

Before that, we have to find a ,b and c. We will use the distance formula to find the same.

As,a =BC= /(20— 0)2+ (7 (—8))2= V202 +152 =25

b=AC=./(—36—-0)2+(7—(—8))2=v362+ 152 =/1521=39

andc=AB = /(—36—20)2+(7—7)2=56

- coordinates of O = (25(—36]+39(2I]]+56(I]] 25(?]+39(7]+56(—3])

25+39+56 ’ 25+39+56

— (‘_1 i) =(-1,0) ..ans

120" 120
6. Question

The base of an equilateral triangle with side 2a lies along the y-axis such that the mid-point of the base is at
the origin. Find the vertices of the triangle.

Answer
Key points to solve the problem:

* The idea of distance formula- Distance between two points P(x;,y1) and Q(x5,y>) is given by- PQ =
V2 —x)2+ (y2— y1)?

* Equilateral triangle- triangle with all 3 sides equal.

 Coordinates of the midpoint of a line segment - Let P(x;,y; ¢) and Q(x; y;) be the end points of line
segment PQ. Then coordinated of the midpoint of PQ is given by - (%“T“’z)

Given, an equilateral triangle with base along y axis and midpoint at (0,0)

- coordinates of triangle will be A(0,y;) B(0,y,) and C(x,0)

As midpoint is at origin = y1+y>, = 0=y; = -yy ..... eqn 1l

Also length of each side = 2a (given)

“AB=/(0-0)2+(y;-y1)?=y; — ¥y =2a--€qn 2
- from eqn 1 and 2:

yi=aandy, =-a

. 2 coordinates are - A(0,a) and B(0,-a)

See the figure:
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Clearly from figure:

DC = x

; oD X
Also in AADC: cos 30° = ac . Jooriteor
LB x
TN

Squaring both sides:

3(x%+a?) = 4x? = x* =3a*

Sy = i\-%

. Coordinates of C are (v3a,0) or (-/3a,0) ....ans

7. Question

Find the distance between P(x7, y1) and Q(xy, y2) when (i) PQ is parallel to the y-axis (ii) PQ is parallel to the

X-axis.
Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(xq1,y1) and B(x5,y5) is given by- AB =

V2 —x1)2+ (y2— y4)?
Given, P(xq, y1) and Q(x,, y) are two points.

i) When PQ is parallel to the y-axis

This implies that x - coordinate is constant = x5 = x;

. from distance formula:

PQ = .\‘I-'f(xz — I1)2+ (yz— yl)z = \,"IID + (yz_ _'}'1_)2 = Iy2 - Y1|"'ans

if) When PQ is parallel to the x-axis

This implies that y - coordinate is constant = y, = y;

. from distance formula:

PQ = vﬁ(xz —x)2+ (y2—y,)% = vID + (x5 — x,)2 = [X2 - Xq|...@ns
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Note: we take modulus because square root gives both positive and negative values, but distance is always

positive so we make it positive using modulus function.

8. Question

Find a point on the x-axis, which is equidistant from the point (7, 6) and (3, 4).

Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x5,y5) is given by- AB =

Jz —x)2+ (y2— y1)?

As the point is on the x-axis so y-coordinate is 0.
Let the coordinate be (x,0)

Given distance of (x,0) from (7,6) and (3,4) is same.

.. using distance formula we have:

Jax=7)2+(0-6)2= /(x—3)2+(0—4)2
squaring both sides,we have:
(x-7)2+(0-6)2=(x-3)2+(0-4)2
=x2 +49 -14x + 36 = x2 + 9 - 6x + 16

60 15

7.5
] 2

< point on x-axis is (7.5,0) ...ans

Exercise 21.2

1. Question

Sum the following series to n terms :
3+5+9+15+23+.............

Answer

Lets=3+5+9+ 15+ 23 + ............. +n

By shifting each term by one
S=34+5+9+15+23+ ... + nth ......... (1)
S=34+54+9+15+ ............. + (n-1)th + nth ........ (2)
by (1) - (2) we get

0=34+2+4+6+8+....... nth - (n-1)th-n

Nth=3+2+4+6+8+ ... 2(n - 1)th

Nth=3+2(1+2+3+4+ ... (n-1)th) .......... (3)
we know

- n(n—1)
Zr=l+2+3 ......... +11—1=[2—]

r=1

Substituting the above-given value in (3)
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n(n—1)

nth=3 + 2[ > ]

nth=3+n?-n
generalterm =3 +r2-r

thus

S=3+5+9+15+23+ .cceurnnnn. +nth=y% 3 + rf—r

We know by property that:

Sax" 4+ bx" 1 4+ ex"2. . do=a>x" + byx" -1 + cyx"-2........ + dp¥1

S=Yr 3 +rP—r=3Y0,1+ ¥ r*—yr_r(4)

We know

= n(n + 1)

Zr=1+2+3 ......... I

r=1

. (n + 1)(2n + 1)
n(n n

Zrz=12+22+32 ......... +1n? = c ]

r=1

m

Z 1=1+1+ .......ntimes =n

r=1

Thus substituting the above values in(4)

S_3p 4 [n(n + 1)6[211 + 1)] B [11(112+ 1)]
+1 2n+1

s—an + MO DD gy,

S_3p 4 11(112+ 1) (2113— 2)

S —3p 4 n(n + 1) {(11— 1) }

1 3
2. Question
Sum the following series to n terms :
2+54+10+17+26+ ...........
Answer
LetS=2+4+54+10+17+26+ ............. +n
By shifting each term by one

S=2+5+10+17+ 26+ ............. + nth ...

S=2+5+10+17 + ............. + (n - 1)th + nth ....(2)

by (1) - (2) we get

0=2+4+3+5+4+7+9+ ....... nth - (n - 1)th - nth

Nth=2+3+5+7+9+ ... 2r+1) .........

Nth = 2 + (summation of first (n - 1)th term)
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we know,

n—1

r=1

Substituting the above given value in (3)
nth=n2-1+ 2

general term=r2-1 + 2

thus

Zzn+1=3+5+7 ......... +2n + 1=[n*-1]

S=2+5+10+17+26+ .cceernnnn. +nth=y2L,2 + r¥—1

We know by property that:

Sax" + bx" 1 4 exn-2... do=a>x" + byx" -1+ cyx"-2........ + do>1

S=YL 1+4+n?=1Y2.1+ Y. r? (4)

We know

n

n(n + 1)(2n + 1)]

Zr?=12+22+32 ......... +1n? =

r=1

6

m
Z 1=1+1+ .......ntimes =n
r=1

Thus substituting the above values in(4)

n(n + 1)(2n + 1)]

S=n+ | c

s 6n + n(n + 1)(2n + 1)
B 6

3. Question

Sum the following series to n terms :
14+3+74+134+21+ oiieennnnnn.

Answer

Lets=1+3+7+13+21+ ............. +n
By shifting each term by one
s=14+34+7+134+21 4+ ............. + nth (1)
s=1+3+7+13+ ..oiiennns + (n - 1)th + nth (2)
by (1) - (2) we get
0=1+2+4+6+8+....... nth - (n - 1)th - nth
nth=1+2+4+6+8+....... 2r) (3)

nth=1 + (summation of first (n - 1)th term)

we know

n—1

Zgr=2+4+6+8 ......... + 2n— 2 =[n(n— 1)]
r=1
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Substituting the above given value in (3)
nth=1 + n?-n

general term =1 + r2-r

thus
s=1+3+7+13+21+ oo, +nth =2 1 +r*—r
We know by property thatyax" + bx" -1 + cx"-2....... do=ayx" + byx" "1 + cyx"-2........ + dp>1

S=YL 1+r’-r=Y21+YLr’—Y2 r(4)
We know

[11(11 + 1)]

n

Zrz=12+22+32 ......... + n® =

r=1

n(n + 1)(2n + 1)
c ]

n

Z 1=14+ 1+ .......ntimes=n
r=1

Thus substituting the above values in(4)

n(n + 1)(2n + 1)] B [11(11 + 1)]

=n +
s=n+ | 6 >
n(n+ 1) (2n + 1)

s=n+ ——{F——1 - [1])

N n(n+ 1) (2n—2)
2 3

=]
Il

—

(=]

n(n+ 1) (n—1)
1 3

s=n +

4. Question

Sum the following series to n terms :

3+7+14+24+37+ ..iiiiiiiinns

Answer

LetS=3+7+14+ 24 +37 +..........

By Shifting each term by one, we get,
S=3+7+14+24+ 37+ ...... + nth term.......... (1)
S=3+7+14+24 +........ + (n - 1)th term + nth term ...(2)
Substracting equation 2 from equation 1 we get,
0=3+4+7+10+ 13 +...... + (nth term - (n - 1)th term) - nth term
Nth term =3 + 4 + 7 + 10+...nth term - (n - 1)th term

We can see that 3, 4, 7,...is an A.P with first term = 3 and common difference = 3
Sum of this A.P = 2[2 X3+ (n—1)3] = 2(311+ 3)

Therefore,
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S = g (3n+3) — (n— 1)th term

(n-1)thterm =a + (n - 2)d
(n-1)thterm =3+ (n-2)3
(n-1)thterm =3n-3

Therefore,

S=>(3n+3)—(3n-3)

3n®-3n+6
5 - 2 ans

5. Question

Sum the following series to n terms :
1+3+6+104+15+ ..cccceennnennn.

Answer

lets=1+3+4+6+10+15+ ............. +n

By shifting each term by one
S=14+34+6+10+15+............. +nth ............... (1)
S=14+3+6+10+ ...cccn..... + (n - 1)th + nth ....(2)
by (1) - (2) we get

0=14+R2+3+4+5+....... nth - (n - 1)th - n)
Nth=1+2+3+4+5+....... nth - (n - 1)th - nth)
Nth=1+R2+3+4+....... Fr+1) s (3)

Nth = 1 + (summation upto (n - 1)th term)

we know

n—1

n(n—1)
Zr+l=2+3 ......... +11=[T+11—1]

r=1
Substituting the above-given value in (3)

nn—1)
nth=1 + [T + n-—1]

n(n—1)

nth = | 2 + 1]

nin+ 1
nth = [%

thus

= = f(r+1)
S=3+5+9+15+23+ ...c....... + nth _z;}_l[%]

We know by property that:

Sax" + bx" 1 4 exn-2.... do=a>x" + byx" 1+ cyxn-2....... + do>1
1 .2 1 2 1 .

s=JXpI’ +r=_Xir’ + S ELT (4)

We know
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2
r=1
. (n + 1)(2n + 1)
nin n

Zrz=12+22+32 ......... +1n? = c ]
r=1

m

Z 1=1+1+ .......ntimes =n

r=1

Thus substituting the above values in(4)

1nn+ 1)2n+ 1) 1 n(n+ 1)
5=32 6 27 2

n(n+1) (2n+ 1)
ST, 3

]+ [1]}

nn +1) (2n + 4)
ST, 3

n(n +1) (n+ 2)
ST 3

6. Question

Sum the following series to n terms :
1+4+13+40+ 121+ ..........

Answer

Lets=1+4 + 13+ 40 + 121 + ............. +n

By shifting each term by one
S=14+4+13+40+ 121 + ............. + nth ....(1)
S=14+4+134+40+ ............. + (n - 1)th + nth ...(2)
by (1) - (2) we get

0=14+(3+9+27+81+....... nth - (n - 1)th - n)

Nth=1+3+3+33+3%+ ... nth - (n - 1)th - nth)

Nth=1+ 3 +3*+33+ ... 3n-Ly (3)
we know
n—1
1(3*—-1)
FF=1+3+3%... ... + 3% = [——————
Z] =53
r=

Substituting the above-given value in (3)

1(32—1)

nth = [ 31 ]

nth = [(31127_1)]

thus

s=1+4+13+40+ 121 + ............. +——
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We know by property that:

Sax" + bx" "1+ cx"-2.....dg=ayx" + byx" "1 + cIx" 2. +do>1
1 : 1 S

s=ZXr3 - 1=2Fr 3" =Sl (4)

We know

In

231' =3 +3%..3"= (3“—1)—3
1 371

r=

n . 3
231 =3 +3%2....3"= (3“—1)E
r=1

m
Z 1=1+1+ .......ntimes =n
r=1

Thus substituting the above values in(4)

1 3 1
s=3[B"—Dgz—7l —5l

1 3
s=2{G" D3] —[n]}

7. Question

Sum the following series to n terms :
44+6+9+13+18+ ...........

Answer

Lets=4 +6+9+ 13+ 18+ ............ +n

shifting each term by one,
S=4+6+9+13+18+ ..cccenininiiennns + nth ..... (1)
S=4+6+9+13+18+ ............. + (n - 1)th + nth ...(2)
by (1) - (2) we get

0=4+2+3+4+5+....... nth - (n - 1)th - nth)
Nth=4+R2+3+4+5+ ... nth - (n - 1)th)
Nth=4+2+3+4+....... r+1)........... (3)

Nth = 4 + (summation upto (n - 1)th term)

we know

— nn—1)
Zr+l=2+3 ......... +11=[T+n—1]
r=1

Substituting the above-given value in (3)

nn—1)
nth =4 + [T + n-—1]

(n+ 2)(n—1) N

nth = | >

4]

thus
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S=4+6+9+13+18+ .coer..n. +nth=z;11[‘:”+22ﬁ+4]

S=4+6+9+13+18+ ............ +nth=213=1[1‘22i+3]

We know by property that:

Sax" + bx" 1l 4+ exn-2.. do=ayx" + byx" "1 + cyx"-2........ + dp¥1
.- -

s=Yo, T+ 3=-FRr? +:¥8r + 332,1(4)

We know

= n(n + 1)

Zr=1+2+3 ......... +11=[27]

r=1

- (n + 1)(2n + 1)

n(n n

Zrz=12+22+32 ......... + n® = c ]

r=1

n

Z 1=1+ 1+ .......ntimes =n

r=1

Thus substituting the above values in(4)

1 nin+ 1)(2n + 1 l1in(n + 1
§=— ( )( )] +—¥ + 3n
2 6 2 2

nn+1) 2n+ 1)+ 3
g8 =

2 3 1} + 3n

. nn+1) (n+ 2)

+ 3n
2 3 }

n(n +1) (n+ 2)
ST 3

}+ 3n

8. Question

Sum the following series to n terms :
24+4+7+11+16+.............

Answer

LetS=2+4+7+11+16+ ............. +n

By shifting each term by one
S=2+4+7+114+16+ .cccooevirinnennnns + nth ....(1)
S=2+4+7+114+16+ ........... + (n-1)th + nth ...(2)
by (1) - (2) we get

0=2+R2+3+4+5+....... nth - (n - 1)th - nth)
Nth=2+(2+3+4+5+ ... nth - (n - 1)th)
nth=2+2+3+4+ ... r+1) ... (3)

nth = 2 + (summation upto (n - 1)th term)

we know
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n—1

nn—1)
Zr+l=2+3 ......... +11=[T+n—1]

r=1
Substituting the above-given value in (3)

n(n—1)
nth=2 + [T + n—1]

(n+ 2)(n—1) .

th = 2
nth = F— ]
thus
S=2+4+7+11+16+ .o, +nth=Ei?=1[(H2?_ﬁ+2]
rF+r
s=2+4+7+11+ ............. + nth =E;}=1[2— + 1]
We know by property that:
Sax" + bx" 1l 4 exn-2.. do=a>x" + byx" -1+ cyxN-2....... + do>1
.- -
s=FE, 4 1=cFRr? 4R r 4+ BT (4)
We know
= n(n + 1)
Zr=1+2+3 ......... +11=[27]
r=1
- (n + 1)(2n + 1)
n(n n
Zrz=12+22+32 ......... +1n? = c ]
r=1
n
Z 1=1+1+ .......ntimes=n
r=1

Thus substituting the above values in(4)

1nn+ 1)2n+ 1) 1[n(n + 1)
s == +—|—|+n
2 6 2 2

nln+1) (2n+ 1)+ 3
S —

2 3 I} +n
S=11(1124- 1) (11-;-2)} -
S=11(11+ 1) (11+2)}Jr )

2 3
9. Question

Sum the following series to n terms :

1 1 1

14 47 7.10

Answer

1

The general term would be Gr2Grr 1)
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The nth term would be Gn-2).Gn+ 1)

1
— 4+ — +
1.4 47 7.10 (3n—2)(3n + 1)

[4—1 7—4 10-7 (3n + 1)—(3n—2)

+ +
3.1.4 3.4.7 3.7.10 3.(3n—-2)(3n + 1)

1 1 1

1 1 1 1
12 27 7107 Gon-2)@Gn D
1[4—1 7-4 10-7 (3n+1)—(3n—-2)
25[1.4 %7 T 710 v T Gn—2Gn+ 1)
1 1 1 1
12 a7 " 7.10 7 (3n—2)(3n + 1)

1[1+—1+1+—1+—1+1 1 1 ]
3 4 4 7 7 1077"3n—2 (3n+ 1)

1 . 1 N 1 1 1[1 1 ] n
14 47 710777 (3n—-2)(3n+ 1) 3 (3n + 1)] 3n+1
10. Question

Sum the following series to n terms :

R T 1
1.6 6.11 11.16 1621 ~ (5n—4)(5n+1)

Answer

1

The general term would be Gra)Gre 1)

The nth term would be G2t 1)

1 1 1 1
16 611 T 11.16 " (5n—4)(5n + 1)
6—1 11—-6 16—11 (5n+ 1)—(5n—4)
- [5.1.6 5611 51116 5. (50—4)(Gn + 1)

1 1 1 1

+ +
1.6 611  11.16 7 (5n—4)(5n + 1)
1[6—1 11-6 16—11 (5n + 1)—(5n—2)

== + +
5| 1.6 6.11 11.16 (5n—4)(5n + 1)
1 1 1 1
— + +
1.6 611  11.16 7 (5n—4)(5n + 1)
f,,-t,1 -t -t 1 1 1 ]
”5 6 6 11 16 11775n—4 (5n+ 1)

1 . 1 N 1 1 1[1 1 ] n
16 611 11167 (5n—4)(5n + 1) 5 (5n + 1)1 5n+1

1. Question

Find the locus of a point equidistant from the point (2, 4) and the y-axis.
Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x;,y1) and B(x5,y>) is given by- AB =
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\fx(xz —x1)%2+ (y2—¥1)?

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with

(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k)

As we need to maintain the same distance of (h,k) from (2,4) and y-axis.

So we select a point (0,k) on the y-axis.

From distance formula:

Distance of (h,k) from (2,4) = V!(h_ 2)2+ (k—4)2

Distance of (h,k) from (0,k) = vf(h_ 02+ (k— k)2

According to question both distances are same.

cJh=2)2+ (k—4)2=/(h—0)2 + (k—k)?
Squaring both sides:
(h—2)*+(k—4)*=(h—0)*+ (k—k)*
=h®+4—4h+k*—8k+16=h*+0
=k*—4h—-8k+20=0

Replace (h,k) with (x,y)

Thus, the locus of point equidistant from (2,4) and the y-axis is-

y? - 4x - 8y + 20=0 ....ans

2. Question

Find the equation of the locus of a point which moves such that the ratio of its distance from (2, 0) and (1, 3)

is5:4.
Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x5,y>) is given by- AB =

\fx(xz —x1)%2+ (y2—¥1)?

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with

(x, y) to get the locus of the point.

Let the point whose locus is to be determined to be (h,k)

Distance of (h,k) from (2,0) = \/(h — 2)2 + (k— 0)2

Distance of (h,k) from (1,3) = vﬁ(h_ 1)2+ (k— 3)2

According to the question:

J(h—2)2+ (k- 0)2 5

Jh—1)%+ (k—3)2 *4

Squaring both sides:

16{(h-2)2 +k2} =25{(h-1)2 + (k-3)2}
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=16{h%? + 4-4h + k2} = 25{h?2-2h + 1 + k2 - 6k + 9}

= 9h? + 9k? + 14h - 150k + 186 = 0

Replace (h,k) with (x,y)

Thus, the locus of a point which moves such that the ratio of its distance from (2, 0) and (1, 3)is5: 4 is -
9x2 + 9y2 + 14x - 150y + 186 = O ....ans

3. Question

A point moves as so that the difference of its distances from (ae, 0) and (-ae, 0) is 2a, prove that the
¥ ¥

equation to its locus is X_ﬁ _1'__' —1, where b? = a2(e? - 1).

a
Answer
Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x>,y>) is given by- AB =
\fx(xz —x1)%+ (y2—y1)*

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and write a
mathematical equation as per the conditions mentioned in question and finally replace (h, k) with (x, y) to
get the locus of point.

Let the point whose locus is to be determined be (h,k)

Distance of (h,k) from (ae,0) =, /(h — ae)? + (k— 0)2

Distance of (h,k) from (-ae,0) = vf(h_ (—ae))2+ (k—0)2

According to question:

Jh—ae)z + (k—0)% — J[h— (—ae))* + (k—0)2 =2a

= J(h—ae)2+(k—0)2 =2a+ /(h+ae)?+(k—0)2

Squaring both sides:

(h—ae)®+ (k—0)*={2a+ (h+ae)?+ (k- 0)2}2

= h* + a*e*— 2aeh + k*
=4a® + {(h+ ae)* + k*} + 4a,/(h + ae)? + (k — 0)2

= h®>+ a’e® - 2aeh + k*
— 4a* + h® + 2aeh + a*e* + k* + 4a/(h + ae)? + (k— 0)2

= —4aeh — 4a* = 4a,/(h+ae)? + (k—0)2

= —4a(eh + a) = 4a,/(h + ae)? + (k— 0)2
Again squaring both sides:

(eh+a)*= (h+ ae)* + (k—0)*

= e2h? + a® + 2aeh = h* + a*e* + 2aeh + k*
= h*(e*—1)—k* = a*(e*— 1)

. K2 k2
PR az{ez—l} =

1
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=>"_Z_::_Z=1whereb2=a2(e2—l)
[

Replace (h,k) with (x,y)

Thus, the locus of a point such that the difference of its distances from (ae, 0) and (-ae, 0) is 2a:

[
[

£ - -;;2 — 1 where b? = a%(e? - 1) ....proved
[

4. Question

Find the locus of a point such that the sum of its distances from (0, 2) and (0, -2) is 6.
Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(xq1,y1) and B(xy,y>) is given by- AB =
V2 —x)2+ (y2— y1)?

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the point whose locus is to be determined to be (h,k)

Distance of (h,k) from (0,2) = Vf(h_ 02+ (k—2)2

Distance of (h,k) from (0,-2) = vf[:h_ 02+ (k—(—2))?

According to the question:

JZ+ & -2 + J(W2+ (k+2)?2 =6

= \f(h)z +(k—2) =6— \f(h)z +(k+2)2
Squaring both sides:
2

W+ (k-2)?={6— JhZ+ (k+2)%}
=h*+4—4k+k* =36+ {h* +k*+4k+4}—12|h2 + (k+2)2
= —8k—36=—-12h*+ (k+ 2)?
= —4(2k+9)=—-12,/h? + (k + 2)*
Again squaring both sides:

T —— 2
(2k+9)% = {3/h + (k+ 2)%}
=4k +81+36k=9(h*+ k* +4k+4)
= 9h* + 5k* = 45
Replace (h,k) with (x,y)
Thus, the locus of a point such that sum of its distances from (0,2) and (0,-2) is 6:
9x* + 5y% = 45 ....proved
5. Question

Find the locus of a point which is equidistant from (1, 3) and x-axis.

Answer
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Key points to solve the problem:

* Idea of distance formula- Distance between two points A(xq1,y1) and B(xy,y>) is given by- AB =
VO —x)2+ (y2— y1)?

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k)
As we need to maintain the same distance of (h,k) from (2,4) and x-axis.
So we select a point (h,0) on the x-axis.

From distance formula:

Distance of (h,k) from (1,3) = \/(h — 1)2 + (k— 3)2

Distance of (h,k) from (h,0) = Vﬁ(h —h)2+(k—0)2

According to question both distances are same.

S J(h—1)2+ (k—3)2=,/(h—Rh)?+ (k— 0)2

Squaring both sides:

(h—1)*+(k-3)>=(h—h)*+ (k—0)>
Sh*+1-2h+kK*-6k+9=Kk>+0
=h*-2h-6k+10=10

Replace (h,k) with (x,y)

Thus, the locus of a point equidistant from (1,3) and x-axis is-
x2 -2x -6y + 10 = 0 ....ans

6. Question

Find the locus of a point which moves such that its distance from the origin is three times is the distance
from the x-axis.

Answer
Key points to solve the problem:

* Idea of distance formula- Distance between two points A(xq1,y1) and B(x5,y5) is given by- AB =
VO —x)2+ (y2— y1)?

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k)

As we need to maintain a distance of (h,k) from origin such that it is 3 times the distance from the x-axis.

So we select a point (h,0) on the x-axis.

From distance formula:

Distance of (h,k) from (0,0) = Vf(h_ 02+ (k—0)2

Distance of (h,k) from (h,0) = Vﬁ(h —h)2+(k—-0)2

According to question both distances are same.
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“J(h—0)2+ (k—0)2=3,/(h—h)2+ (k— 0)2
Squaring both sides:

h? + k2 = 9k2

= h? = 8k?

Replace (h,k) with (x,y)

Thus, the locus of a point is x2 = 8y? ....... ans
7. Question

A(5, 3), B(3, -2) are two fixed points, find the equation to the locus of a point P which moves so that the area
of the triangle PAB is 9 units.

Answer
Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x5,y>) is given by- AB =
\fx(xz —x1)%+ (y2—y1)*

Area of a APQR - Let P(x; y1), Q(x3,¥2) and R(xz,y3) be the 3 vertices of APQR.
Ar(APQR) == |x1(y2 — y3) + x2(y3 — y1) + x3(y1 — y2)|

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k). Name the moving point to be C

Given the area of AABC =9

According to question:

9=25(-2—k) +3(k—3)+h((3-(-2))
= 18=|-10-5k+3k-9+3h+2h|

= |5h-2k-19|=18

. 5h-2k-19=18 or 5h-2k-19= -18

= 5h-2k-37=0 or 5h-2k-1=0

Replace (h,k) with (x,y)
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Thus, locus of point is 5x-2y-37=0 or 5x-2y-1=0 ....... ans
8. Question

Find the locus of a point such that the line segments having end points (2, 0) and (-2, 0) subtend a right
angle at that point.

Answer
Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x>,y5) is given by- AB =
V2 —x)2+ (y2— y1)?

* Pythagoras theorem: In right triangle AABC : the sum of the square of two sides is equal to the square of
its hypotenuse.

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k) and name the moving point to be
C.

According to a question on drawing the figure, we get a right triangle A ABC.
From Pythagoras theorem we have:
BC? + AC? = AB?

From distance formula:

BC = /(h— (-2))2 + (k- 0)*

AC = [(h—2)2+ (k- 0)2

And AB =4

2
[J[h‘ (—2))" + (k= 0)2] + (Jh=22+ k= 0)2) - 16

= (h+2)+k*+(h—-2)*+K* =16
“h*+4+4h+ kK +h*—4h+4+Kk* =16
=»2h%2+2k2-8=0

>h2+k?2=4

Replace (h,k) with (x,y)
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Thus, the locus of a point is x2 + y2 = 4 ....ans

9. Question

If A(-1, 1) and B (2, 3) are two fixed points, find the locus of a point P so that the area d APAB = 8 sq. units.
Answer

Key points to solve the problem:

* Idea of distance formula- Distance between two points A(x3,y1) and B(x>,y5) is given by- AB =
V2 —x)2+ (y2— y1)?

Area of a APQR - Let P(x; y1), Q(x2,¥2) and R(xz,y3) be the 3 vertices of APQR.
Ar(APQR) == |x1(y2 — y3) + x2(y3 — y1) + x3(y1 — y2)|

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k). Name the moving point to be C

Given the area of AABC = 8

oo

m
1]

-4 =2 0

(8]
r
N

According to question:

8=-|-1(3—-k)+2(k—1)+h((1-3)|

| =

= 16=|-3+k+2k-2+h-3h|

= |3k-2h-5|=16

.. 3k-2h-5=16 or 3k-2h-5= -16

= 3k-2h-21=0 or 3k-2h+11=0

Replace (h,k) with (x,y)

Thus, locus of point is 3y-2x-21=0 or 3y-2x+11=0 ....... ans
10. Question

A rod of length | slides between the two perpendicular lines. Find the locus of the point on the rod which
divides it in the ratio 1 : 2.

Answer

Key points to solve the problem:
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* Idea of distance formula- Distance between two points A(x3,y1) and B(x5,y>) is given by- AB =

\fx(xz —x1)%2+ (y2—¥1)?

* Idea of section formula- Let two points A(x;,y1) and B(x»,y5) forms a line segment. If a point C(x,y)
divides line segment AB in the ratio of m:n internally, then coordinates of C is given as:

C= (1ﬂxz+1i.‘-‘|:1 my2+'.~i_1.r1)
m+n ' m+n

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k). Name the moving point to be C

Assume the two perpendicular lines on which rod slides are x and y-axis respectively.

A(0,b)

-1
D =(0, 0) B(a.0)

Here line segment AB represents the rod of length | also AADB formed is a right triangle. Coordinates of A
and B are assumed to be (0,b) and (a,0) respectively.

naZ+p2=1_R.eqn1l
As, (h,k) divides AB in ratio of 1:2

.. from section formula we have coordinate of point C as-

C= (‘H’!:I:z+‘ll:l:1 ?i‘l_‘l.’z+?i_‘|.’1) _ (1><l]+2><a 1>(b+2>(l]) . (2:1 b)
T \3’3

m+n ' mtn 241 1 241

As, a and b are assumed parameters so we have to remove it.
“h=2a/3=a=3h/2

And k = b/3=Db = 3k

From eqgn 1:

aZ+b% =12

(32—")2 +(3k)2 =12

9n? 2_gz P 2 2
=°4+9k =1 =:-4+k =5
Replace (h,k) with (x,y)
Thus, the locus of a point on the rod is:“’;+ yz = g «:@NS

11. Question

Find the locus of the mid-point of the portion of the x cosa + y sin a = p which is intercepted between the

Get More Learning Materials Here : & m @\ www.studentbro.in



axes.
Answer
Key points to solve the problem:

* Idea of distance formula- Distance between two points A(xq1,y1) and B(xy,y>) is given by- AB =
VO —x)2+ (y2— y1)?

* Idea of section formula- Let two points A(x7,y1) and B(x,,y,) forms a line segment. If a point C(x,y)
divides line segment AB in the ratio of m:n internally, then coordinates of C is given as:

C= ('“”2“'“’1 "'"-"'2“"-"'1) when m = n =1, C becomes the midpoint of AB and C is given asC = (”2—”1 "2—“1)

m+n ' mtn 2 "2

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k). Name the moving point to be C
Given that (h,k) is the midpoint of line x cos a + y sin a = p intercepted between axes.

So we need to find the points at which x cos a + y sin a = p cuts the axes after which we will apply the
section formula to get the locus.

Puty =0

. X = p/cos a = coordinates on x-axis is (p/cos a , 0). Name the point A
Similarly, Put x = 0

..y = p/sin a = coordinates on y-axis is (0, p/sin a ). Name this point B
As C(h,k) is the midpoint of AB

.. coordinate of C is given by:

P P
c=(xz_ﬂmm)=(mu_—+““_+m—)=(11 P)

2 "z 2 oz 2eosa 2sina
Thus,
p r .
h= = — = (OS5 @ ... tion 1
2cosa Zh equatio
andk= —+— =L _ sina...equation 2
2sina 2k

Squaring and adding equation 1 and 2:

2 2
P P 2 .2
— + —5 =Cco8"a+ sin“a
4h?  4k2
z z
N
prepgreiag

Replace (h,k) with (x,y)

2
Thus, the locus of a point on the rod is:% T
X

2
P
— = =..adNS
4y2 1

12. Question

If O is the origin and Q is a variable point on y2 = x, Find the locus of the mid-point of OQ.
Answer

Key points to solve the problem:

* Idea of section formula- Let two points A(x;,y1) and B(x,y,) forms a line segment. If a point C(x,y)
divides line segment AB in the ratio of m:n internally, then coordinates of C is given as:
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C= ('"”2+"”1,?"-"'2+"-"1) when m = n =1, C becomes the midpoint of AB and C is given asC = (”—2;”1,-‘—'2;"1)
m+n m+n

How to approach: To find the locus of a point we first assume the coordinate of the point to be (h, k) and
write a mathematical equation as per the conditions mentioned in the question and finally replace (h, k) with
(x, y) to get the locus of the point.

Let the coordinates of a point whose locus is to be determined to be (h, k). Name the moving point to be C
As, coordinate of mid point is (h,k) {by our assumption},

Let Q(a,b) be the point such that Q lies on curve y2 = x

b2 = a e equation 1

According to question C is the midpoint of 0OQ

--c=(xz_+x1 m)=c=(ﬂﬂ)_(z E)
2 "z 2 'z z2'2

.'.h=§01‘a=2h
Similarly, k = g orb =2k

Putting values of a and b in equation 1,we have:
(2k)*=2h = 4k*=2h=2k*=h
Replace (h,k) with (x,y)

Thus, the locus of a point is: 23;2 = x -..a@NS

Very Short Answer
1. Question
Write the sum of the series: 2 +4 +6 + 8 + ..... + 2n

Answer

Substituting the above value

n(n + 1)
2

S=nnh+1)

2. Question

Write the sum of the series : 12-22 + 32-42 + 52 - 62 + _...... + (2n-1)?2 - (2n)?
Answer
S=12+32+52 ... +(2n-1)2-{22+42+ 62+ ....... + (2n)?}
S=12+32+52 ... +(2n-1)2-22{12+22 + 32 + ....... +(n)?} ........ (1)
We know

nr2=12 4 2% 432 .. + 2 = [Rerenrhy (2)

]
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2n(2n + 1)(4n + 1)]

Zrz =12 +22+32..(2n—1)* + 4n* = c

2n(2n + 1)(4n + 1)]

12 +32..(2n—1)2 + 22+ 42 .+ (2n)* = z

2n(2n + 1)(4n + 1)
6

17 +32..(2n—1)7=] ] —22—4%..—(2n)?

2n(2n + 1){4n + 1)

17 +32.(2n—1)7=] ] —2%2{12 + 22 . + (n)?}...(3)

&6
Substituting (3) in (1), we get,
2n(2 1)(4 1
- n(2n + 6)( n + )] C22(12 4+ 224 ()2 27(1 + 2
+ o+ ()3
2n(Zn + 1)(4n + 1
sopRn DO+ D, o2z 422 4 )y

6
Substituting (2) in the above equation

2n(2n + 1)(4n + 1)

s=] 6 1-(2)2%{[

n(n+ 1)(2n + 1)
6 ]

[211(211 + 1)(4n + 1) —8n(n + 1)(2n + 1)]
6

3. Question

Write the sum to n terms of a series whose rth termis: r + 2

Answer
The general term be =i + 2
Yh.i+ 2" =Sum of series

We know by property that:

Sax" + bx" 1l 4+ exn-2.. do=ayx" + byx" "1 + cyx"-2........ + dp¥1
Thus

n n n
Zi + zi=Zi + Zz"

i=1 i=1 i=1

n n
Zi+2"= i+2(2°—1)

i=1 i=1

= n(n + 1)
Zn=l+2+3 ......... +11=[T]
n=1

Substituting the above value

Thus

n

. ~In(n + 1)
Zl + 2i= I:TI-F?.[:ZH— 1)

4. Question
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n n
Ifzr — 55, find 21-3.
r=1 r=1

Answer

n{n+1) (1)

Lr=14+24+3..n= PRI

Given

n

Zr=55

r=1
From (1) we have

n(n + 1)

55
2

Solving the above equation

n=10
We know

erd=1% + 23 + 3. +n*=] n':n; 13]2 .
Thus

Putting n = 10 in eq(2)

10(10 + 1) ,
—

= 552
= 3025

5. Question

If the sum of first n even natural numbers is equal to k times the sum of first n odd natural numbers, then

write the value of k.

Answer

we know

= 2n(2n + 1)
Zr= 1+2+ 3....211=T
r=1

_ 2nin +1)
T2

Yr2r=2+ 4+ 6..2n

1+3+5....(2n-1)+2+ 4+ ..2n .

Thus substituting the values from (1) in (3), we get,

2n(n + 1) 2n(2n + 1)

_ 2n(2n + 1)

1+3+5.....(2n—-1) +
(2n ) 2 2

1+3+5.2n-1)=n2n+1)-n(n+1)

1+3+45.2n-1)=1r .ovvvernnn.. (4)
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Substituting (4) in (2), we get,
n(n + 1) = k(n?)

k=(n+1)/n

6. Question

Write the sum of 20 terms of the series :
1 1

NI & TR AU Y K, RN A

1 2(1 2) 3)1 2+3)+.....

Answer

The general term would be

r+ (r—1) +(r—2)....(r—(r—1))
r

r¥r—(1 + 2 + 3..r-1)

= . (1)

r

Since, I i=1+2+ 3....... +r=[—

r—1

From equation (1),we get,

ey Hr—1)
=IX1—T

r

_ (r—l)_(r+1)
T T2

Thus the general term would be, %

To find 322, 22 (2)

We know by property that:
Sax" + bx" 1l 4+ exn-2.. do=ayx" + byx" "1 + cyxn-2........ + dp>1

Since,

Thus equation (2) becomes

20 20 20

Z(L'Jrl) 12__'_121
2 2472

r=1 r=1 r=1

i(r + 1) 1[n(n+ 1) N n ge
i 2 2 2 2
r=
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7. Question

Write the 50™ term of the series2 + 3+ 6 + 11 + 18 + .........
Answer

Lets=2+3+6+ 11+ 18+ ............. +n

By shifting each term by one

S=2+3+6+11+18+ ............. + nth ............ (1)
S=24+34+6+11+18+ ............. + (n-1)th + nth ...(2)
by (1) - (2) we get

0=2+1+3+5+7+....... nth - (n - 1)th - nth
Nth=2+(1+3+5+7+9+ ....... 2r-1) .o (3)

Nth = 2 + (summation of first (n - 1)th term)

We know by property that:

Sax" + bx" 1 4 exn-2.. do=a>x" + byx" -1 + cyx"-2....... + do>1

Therefore,

n—1 n—1 n—1

Thus from (3)

Nth =2 + (n - 17
Hence 50 term be
50t = 2 + (50 - 1)
50t = 2 + (49)?

8. Question

Let S,, denote the sum of the cubes of first n natural numbers, and s, denote the sum of first n natural
n
S
numbers. Then write the value of z L

1=l Sr
Answer

To find
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Let =Y, .. (1)
r

n(n + 1)

S,=» ri=1% +2% +3% ... +n?= 5 5

n(n + 1)
51.=Zr=1+2+3 ......... +11=[T

r=1

]

Substituting in equation (1)

n n(n + 1) 3
e x b,
o [11(1124- 1)]

I:

n

1
I Z[Il(nz—l— )]

r=1

I _ n [112 + 11]
=dr=1T 5

We know by property that:
Sax" + bx" 1 4 cxn-2.... do=a>x" + byx" -1+ cyx"-2....... + do>1

Thus

n n
=520
= n = n
2 2
r=1 r=1

And We know

n

Zrz=12+22+32 ......... + n® =

r=1

n(n + 1)(2n + 1)
c ]

Substituting the values

1 nn+ 1)(2n + 1) 1 n(n + 1)
T2 6 2t 2
. n(n +1) (2n + 1)] L ap

4 3

~nn+1) (2n+ 4
= 4 3 ]

~nn+1) (n+2)
== 3 |

MCQ

1. Question

The sum to n terms of the series

1 1 1
Tods Vie e

5
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A Jan+1

B. %wfln +1

-

C Jyan+1-1

SEEE

Answer
To find:

1 1 1 1
+ +
VI++V3 V3 +45 V5 + V7 V2n—1 ++2n + 1

Rationalizing the above equation:

l(—\.q + ‘v@) N l(—v@ + V"E)
(VI +V3)(VI+3) (V3 +V5)(-V3 +5)
1(—/5 + J7) 1 (—V2n—1 + /2n + 1)

(Vs + V7)(V5 + Jy7) "(¥2n—1+ 2n + 1) (—V2n—1+ /2n + 1)

1(—V/1 + V3) 1(—V3 + V5)

3—-1 5—3
1(—V5 +7) (—V2n—-1+ /2n + 1)
7-5 2n + 1—-(2n—1)

since a2-b% = (a + b)(a-b)

1
= (VI +V3) + (V3+VE+ (V5 +J7) + ...(—V2n—1
2 v
+ 4/2n + 1)]

1 EE—
ZE[_l + /2n + 1)]

2. Question

1 1 1 |
The sum of the series : T + +..... + 1s
log,4 log,4 logg4 log , 4
A nin+1)
2
B nn+2n+1)
' 12
. n(n+1)
4
D. None of these
Answer
1 4 1 . 1 1
log,4 log,4 logg4 ™~ logm4
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We know log b=logb/loga

log2 log4 log8 log2®

log4 * log4 * log4™ "7 log4

We know logm"=nlogm

_log2 . log2? . log2? log2™
“log4  log4 log4 ™77 log4
_log2 N 2log2 N 3log2 nlog?2
“log4  log4 log4 77 log4

_log2[1 + 2 + 3...n]
- log4

_log2[1 + 2 + 3...n]
- 2log2

=[1+2+3.... nl/2
=n(n + 1)/4

3. Question

1 1
The value of -f(zr— l)a + — ; is equal to
; | b
A bt -1
bt (b-1)
B. an2 b" -1
bn(b -1)
b -1
C.an’ +——
b"(b-1)
D. none of these
Answer
We know by property thatyax™ + bx" -1 4+ cx"-2....... do=ayx" + byx" "1 + cyx"-2........ + dp¥1
n n n n
1 1
Qr-Dat+p=2a) r-a) 1+ ) o
r=1 r=1 r=1 r=1
We know
= n(n + 1)
Zr=1+2+3 ......... +11=[27]
r=1
n
nn+ 1)(2n+ 1
Zrz=12+22+32 ......... +112=[( )6[: )]
r=1
n
Z 1=14+ 1+ .......ntimes=n
r=1
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2321 T= 2a11(n+ 1) (1)

_,1=an(2)
3 ljb[l—(%)n]
= (1

1))
Zbl_ b[b — 1]
r=1

n 1_ _n
;bl B [ b—-1] 1 ]
s1 [ -]
.=1br

[b— 1]

[b— 1]

3 ! -]

n

ii_ 1-(p)
&b [b—1]

n 1 _ b®-1
r=1pr ™ pi[p-1]

(3)

Adding (1) (2) and (3)

r=1 r=1 r=1 r=1
2an(n + 1) b"—1
=——————an + ———
2 bo[b — 1]
b"-1 2
S bo1] + an

4. Question

If Zn =210, then an —

A. 2870
B. 2160
C. 2970
D. none of these

Answer
nin+ 1
Z n= % =210

Solving we get n=20
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Z e n(n + 1)6(211 + 1)

Substituting the value

20(20 + 1)(40 + 1)
6

10(7)(41)
2870

5. Question

, then S, is equal to

AT

—

" 1+2+2°+ . Sum torterms
IfS, = z
r=1

A2"-n-1

1+2+22+ ... 2r-1=1(2r-1)2-1

1+2+22+ ... 2r-1=1(2r-1)

o (2r-1)
2%
r=1

6. Question

1+2 1+243 . :
If 1« + + . tontermsisS.Then, Sis equal to
2 3
A n(n+3)
4
a?
B, nn+2)
4
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o =9
c. nn+1n+2)
6
D. n?
Answer

1+2 1+2+3 1+2+3...n

1+ +
2 3 n

1+2+3..n nn+1)
n 2n

1+2+3..n (n+1)
n B 2

Thus the nth term would be
nth=(n + 1)/2
the general term would be

rth=(r + 1)/2

n
r+ 1
2
r=1
We know by property thatyax" + bx" -1 4+ cx"-2....... do=a>x" + byx" -1 + cyx"-2........ + dp¥1
n n n
r+1
> =172 dr+ 1
r=1 r=1 =1

_1[n(n+1) + Il]

_Ann+1)+ 211]

2 2
_1[n%+ 311]
2 2

22

7. Question

Sum of n terms of the series \E—\f‘g—w@—@—... is

A nn-+1)

2
B.2n(n + 1)

C nn-+1)

2
D.1
Answer
LetS=v2 +V8 + V18 + V32 + ........
It can be written as,

S=vV2(1+2+3+....... n)
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We know that,

n(n+ 1)
1+2+3+4+ . +n=—"—

S _ VZ(n(n+1))
2

n(n+1)
V2

S:

8. Question

The sum of 10 terms of the series (/2 . \fg + /18 +

A 121(+/6 +2)

B. 243(4f3 +1)
121

V3-1
D. 242(3 1)

Answer

LetS=vV2+ V6 +V18 + ..........
It can also be written as,
S=vV2(1+V3+3+3V3 +....... )

Now,

1+V3+3+3V3+.... is a G.P with common ratio v3

Sum of the 10 terms will be given by,

Si0= V2(121)(3+ 1)
S10 = 121(V6 + V2)

9. Question

The sum of the series 12 + 32 + 52 + ...... to n terms is

A nn+D2n+1)
2

-

B n2n-D(2n+1)
3
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c @-D’(2n-1)

6
5 (2n+1)’
3
Answer
We know
norf=1% + 2% + 3% ... + n®= [W] .......... (1)

2n
Zrz =12+22+32..(2n—-1)? + 4n* =]

r=1

2n(2n + 1)(4n + 1)
6 ]

2n(2n + 1)(4n + 1)]

S=12+32..(2n—-1)2 + 22 + 42 .+ (2n)* =] c

2n(2n + 1)(4n + 1)

17 +32..(2n—1)7=] c

] —22—4%..—(2n)?

2n(2n + 1){4n + 1)

1 +3%.02n—1)*=[ . ] —2%{1* + 22 ... + (m)?}....(2)

Substituting (2) in (1)

2n(2n + 1)(4n + 1)
6

12 + 32..(2n—1)* =] ] —22{1% + 2% .. + (n)?}

12 + 32..(2n—1)* =]

2n(2n + 1)(4n + 1)] e [n(n + 1)(2n + 1)]
6 6

2n(2n + 1)(4n + 1)] e {[11(11 + 1)(2n + 1)]}

17 +32..(2n—1)*=
(2n- 1= | - -

2n(2n + 1)(4n + 1) —4n(n + 1)(2n + 1)
6

12 +32.(2n—1)2=] ]

n(2n + 1)(Z2n— 1)]

12 + 32..(2n—1)* =] 3

10. Question

26 80

The sum of the series E+§ 4+—+— 4. ... tontermsis
3 9 27 &81

1 .-
An-—(3"-1
5 )
1 -
B.n——(1-3"
2(
C 11+1|[3n ~1)
2

|
D.n——(3" -1
2( )

Answer
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We can write

2 8 26 80 3-1,9-1 27-1 81-1
3 9 27 817 3 9 27 81 "
U BV St R (S i
3 9 27 817 3 9 27 81"
2 8 26 80 1,1,01 11
stoty Tg~0"Grg Ty Teg3@
2 8 26 80 1,11 11
stot oy Tg "0 Gratata-
Since
11'1

Zn:l 1fb[1_(5)]
bt 1. 11
2

1
2 8 26 80 11-3%
R AR T L

3

1
2 8 26 80 1-23
stotgytg -]
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